Various Hamiltonian formulations of f (R) gravity can be found in the literature. Some authors follow the Ostrogradsky treatment of higher derivative theories and introduce as extra variables first order time derivatives of the metric (typically the extrinsic curvature). Some others take advantage of the conformal equivalence of f (R) theory with Einstein's gravity coupled to a scalar field and introduce as an extra variable the scalar curvature R itself, which includes second time derivatives of the metric. We show that, contrarily to some claims, these formulations are related by canonical transformations.
INTRODUCTION
A currently fashionable class of extended theories of gravity are the so-called f (R) theories whose Lagrangian is an arbitrary function of the scalar curvature R rather than simply R as in General Relativity, see e.g. [1] for recent reviews. "Metric" f (R) gravity 1 has two remarkable features : it is a "higher derivative" theory, that is, the field equations are fourth order differential equations for the metric ; and these field equations are conformally equivalent to Einstein's equations minimally coupled to a scalar field [2] . This means that it possesses one extra degree of freedom, beyond those of Einstein's gravity [3] .
The first Hamiltonian formulation of f (R) gravity, more precisely of R 2 , was performed by Boulware [4] who chose as the extra degree of freedom the scalar curvature itself, that is, a function of second time derivatives of the metric. Many authors subsequently followed this route, see e.g. [5, 6, 7, 8, 9] .
In parallel, an alternative Hamiltonian formulation of f (R) gravity was initiated by Buchbinder and Lyahovich [10] , based on the "Ostrogradsky procedure" (see e.g. [11] for a vivid review), which consists in promoting to the status of independent variable first order time derivatives of the metric (typically the extrinsic curvature). For developments along this line, see e.g. [12, 13, 14, 15, 16, 17] .
Schmidt [6] clearly differentiated these alternative formulations, which are sometimes put on the same footing, see e.g. [7] . Now, since they must both yield the same equations of motion, one expects that they should be equivalent, that is, related by a canonical transformation. However Ezawa et al., [13, 16] , claim that they are not : we shall show in this paper that they are.
We thus generalize to f (R) gauge field theories the result obtained in [18] in the simple case of L(q,q,q) Lagrangians. Moreover, in giving the explicit, highly non-linear, form of the transformation, we make it clear that this equivalence may hold at the classical level only (a point already made by Schmidt [6] in the simple case of minisuperspace).
The paper is organized as follows. We start in Section II by recalling the Arnowitt-Deser-Misner (ADM) Hamiltonian formulation of f (R) gravity in the Einstein frame, where it is equivalent to General Relativity [19] . This will serve as our "Rashid stone"
2 to evaluate subsequent formulations and fix the notations.
In the original, Jordan frame, f (R) gravity is explicitly a higher derivative theory. In Section III we present a Hamiltonian formulation in Boulware's line, promoting R to the status of independent variable. As far as we know this treatment is new, and extends those of [5, 6, 7] .
In Section IV we turn to a Hamiltonian formulation "à la Ostrogradsky," taking the trace of the extrinsic curvature as the extra degree of freedom. We believe our treatment is simpler than those presented in [12, 13, 14, 15, 16] .
Section V is the core of the paper, where we explicitly exhibit the canonical transformations which turn the Einstein frame Hamiltonian into the Jordan frame one and then into the Ostrogradsky one.
Section VI summarizes our results. A number of self-contained Appendices complement and illustrate the core of the paper. In Appendix A we derive in detail the Hamiltonians associated to a toy higher derivative Lagrangian of the type L = L(q,q,q) , when eitheṙ q orq is taken as a new variable. Appendix B is a short recap of the conformal equivalence of the Einstein versus Jordan frame formulations of f (R) gravity. Finally Appendix C applies our general results to the simple case of minisuperspace.
II. EINSTEIN FRAME HAMILTONIAN OF f (R) GRAVITY
This Section summarizes the ADM formalism [19] and fixes some notations (see e.g. [9, 20, 21, 22] for a more geometrical approach).
Consider a four dimensional manifold M whose points are labelled by some arbitrary "ADM" coordinates x i with i = {0, 1, 2, 3} , and endowed with a metricg ij (x k ) with signature (−, +, +, +) , determinantg and associated covariant derivative∇ i . Suppose that M can be foliated by a family of spacelike 3-surfaces Σ t , defined by t = x 0 . Leth ab ≡g ab | x 0 =t with a, b running from 1 to 3 be the metric on Σ t ,h its determinant,h ab its inverse and denote bỹ D a the associated covariant derivative. Three basis vector fields on Σ t are ∂ a , with components δ i a ; introduce too the future-pointing unit normal vectorñ to the surface Σ t , that is, to the three vectors ∂ a ; its components areñ a = 0 , n 0 = −1/ −g 00 ;ñ 0 = −g 00 ,ñ a = −g 0a / −g 00 . Decompose then the time-like basis vector ∂ 0 (with components δ i 0 ) on the normal vector and the three basis vectors ∂ a :
are the "lapse" and "shift." Together with the induced metrich ab they constitute the "ADM variables." In terms of these variables we have
, and the components of the 4-metric read
(Here and in the following indices of three dimensional objects are moved with the induced metric.) Introduce finally the extrinsic curvature of Σ t :K
where a dot denotes a time derivative :ḣ ab = ∂h ab ∂t . The components of the Riemann tensor can be written in terms of the ADM variables (the so-called Gauss, Codazzi, Ricci-York equations). We shall only need here the expression of the scalar curvature. We refer to the literature (see e.g. [20, 21, 22] ) for its calculation which yields : Armed with these standard preliminaries consider now the Einstein-scalar actioñ
This action describes f (R) gravity in the "Einstein frame" if the potential V (φ) is given under parametric form by :
where a prime denotes derivation with respect to the argument. As for the metricg ij it is related to the original, "Jordan frame" metric g ij byg
see Appendix B for a recap. Following the standard procedure we plug (2.3) into (2.4) to get
Let us now turn to the obtention of the ADM Hamiltonian [19] . Momenta conjugate to the dynamical variables h ab andφ are defined as (recalling the definition (2.2) ofK ab )
Inversion yields the "velocities" in terms of the canonical variables :
wherep ≡h abp ab . Ignoring the divergences in (2.7) the Hamiltonian density is thereforẽ
As first shown in [19] Hamilton's equations
III. JORDAN FRAME HAMILTONIAN OF f (R) GRAVITY
Consider now f (R) gravity in its original "Jordan frame" formulation. The action is
The form of the equations of motion (see Appendix B) suggests to promote the scalar curvature R to the status of independent variable [6] , s . We are thus led to replace S[g ij ] by the extended action
where φ is a Lagrange multiplier. As in Section II, the metric, see (2.1), and R , see (2.3) , are now expressed in terms of the ADM variables as
where the induced metric on the surface Σ t , the lapse and the shift are denoted by {h ab , N, N a } , where n i is the unit vector orthogonal to Σ t , where D a is the covariant derivative associated with h ab , where R is the scalar curvature of Σ t and where √ −g = N √ h . Finally, K ab is the extrinsic curvature :
Plugging (3.4) into (3.2) we have, after integrations by part
We thus see that the integration by parts that we have performed has turned φ into a dynamical field since its time derivative appears in (3.7). Now, the equation of motion for s simply is
This algebraic constraint can harmlessly be incorporated in L J (at least at the classical level) so that the Lagrangian density of the theory becomes
where s is known in terms of φ via (3.8) .
(Note that we could have followed an alternative route consisting in first incorporating the constraint (3.8) in (3.2) to eliminate φ and then turning s into a dynamical variable, the "scalaron" [24] . See Appendix A and [8, 9] for a comparison of these two routes.)
Momenta conjugate to the dynamical variables h ab and φ are defined as, recalling the definition (3.5) of K ab :
Inversion yields the velocities in terms of the canonical variables :
where p ≡ h ab p ab . The Hamiltonian density is therefore
and
where s is known via f ′ (s) = φ .
IV. OSTROGRADSKY HAMILTONIAN OF f (R) GRAVITY
Let us return to the f (R) Jordan frame action
and, contrarily to what we did in the previous section, let us perform the ADM decomposition first, before introducing any new independent variable. As in Section III, see (3.4) , R is expressed in terms of the ADM variables as
that we rewrite as
We recall too the definition of the extrinsic curvature :
We hence see explicitly that the scalar curvature depends on second time derivatives of h ab throughK . This suggests [10] to promote, "à la Ostrogradsky," K to the status of a new independent variable, Q (see also [12, 13] ). We are thus led to replace S[g ij ] by the extended action
with R now given as
and where K and T K ab are given in (4.4).
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Momenta conjugate to the dynamical variables h ab and Q are defined as :
where R is given in (4.6). Inversion yields :
where R is known in terms of Π/
The Lagrangian L O is therefore singular in that it cannot be inverted to give the trace of the velocitiesḣ ab . However the Hamiltonian density
is still well defined if one injects in L O the constraint stemming from (4.7), to wit, u =
where R is known via f ′ (R) = Π/ √ h .
V. CANONICAL TRANSFORMATIONS
In the previous sections we have associated, as concisely as possible, three seemingly different Hamiltonians to f (R) gravity : the "Ostrogradsky" Hamiltonian H * O (4.10) (4.11), and two "Schmidt" [6] Hamiltonians : the "Jordan frame" one H * J (3.12) (3.13), and the "Einstein" oneH E (2.11) (2.12). Despite some claims to the contrary [13, 16] , their respective sets of canonical variables
turn out to be related by means of canonical transformations. We proceed to show this explicitly.
A. Einstein → Jordan
The Einstein frame metric is conformally related to the Jordan frame one, see (2.6). Thus the relation between the ADM variables {h ab ,Ñ ,Ñ a } and {h ab , N, N a } is known, see (2.1) and (3.3). Taking then into account the relation betweenφ , f ′ (s) and φ , see (2.5) and (3.8), we therefore have
Now, since the extrinsic curvatures of the two frames, see (2.2) and (3.5), are related thus
we deduce from (2.9) and (3.10) that the momenta are given bỹ
If we now plug these expressions of the Einstein variables in the Einstein HamiltonianH E given in (2.11) (2.12),we find thatH E turns into :
where 
ab ,π} J = 0 , {h ab ,φ} J = 0 , {h ab ,π} J = 0 , {p ab ,φ} J = 0 . We are therefore guaranteed thatH E and H * J yield the same equations of motion. (Since this can be shown separately, see [9] , the results are watertight.)
B.
Jordan → Ostrogradsky
In the Ostrogradsky formulation we introduced as a new variable the extrinsic curvature : Q = K and found that the scalar curvature R was given by f ′ (R) = Π/ √ h , Π being the momentum conjugate to Q , see (4.7). In the Jordan frame formulation on the other hand the new variable was s = R that we traded for φ via f ′ (s) = φ , see (3.8) ; as for the extrinsic curvature it was given by K = −π/ √ h , π being the momentum conjugate to φ , see (3.10) . All this suggests to choose
if we choose 
We are therefore guaranteed thatH E and H * J yield the same equations of motion. (Since we have shown that separately, at least in the minisuperspace case, see Appendix C, the results are safe.)
Ostrogradsky → Einstein
To close the loop we combine the transformations obtained above to get the Ostrogradsky variables in terms of the Einstein ones (note that they are at odds with those advocated in [13] and [16] ) :
Plugging these expressions into the Ostrogradsky Hamiltonian H * O given in (4.10) (4.11) we find that it transforms into : 12) where the Einstein HamiltonianH E is given in (2.11) (2.12). Since (5.11) is a composition of two canonical transformations it is canonical too.
VI. CONCLUSIONS
We have given three seemingly different Hamiltonian formulations of f (R) gravity :
1. an "Einstein frame" formulation with variables {h ab ,p ab ,φ,π,Ñ ,Ñ a } , where the extra degree of freedom is embodied in the variables {φ,π} and which is nothing but the ADM formulation of General Relativity minimally coupled to a scalar field, 2. a "Jordan frame" formulation with variables {h ab , p ab , φ, π, N, N a } , where the extra degree of freedom is taken to be the scalar curvature R and is represented by the variables {φ, π} , 3. an "Ostrogradsky" formulation with variables {h ab , P ab , Q, Π, N, N a } , where the extra degree of freedom is taken to be the extrinsic curvature K and is represented by the variables {Q, Π} , and we have shown that they are all (classically) equivalent since the three sets of variables are related by canonical transformations. Now these canonical transformations, see e.g. (5.11), are highly non-linear. These theories are therefore unlikely to be equivalent at the quantum level, see e.g. [25] . We leave these developments to further work.
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APPENDIX A: HAMILTONIAN FORMULATIONS OF HIGHER DERIVATIVE THEORIES : A TOY MODEL
We gather here some results, most of them already known [6, 10, 11, 12, 18, 26, 27] , concerning the following higher derivative action :
where a dot denotes a derivative with respect to time t and where g is an arbitrary function. Extremisation of S with respect to path variations δq(t) such that δq and δq vanish at the boundaries t 1 and t 2 yields a fourth order differential Euler-Lagrange equation
where a prime denotes a derivative with respect to the argument. Since both δq and δq have to vanish at the boundaries, Ostrogradsky (see e.g. [11] ) suggested to promote Q ≡q (A3) 9 Again, we have to develop Da in terms ofDa and R in terms ofR and recall that V (φ) is given in terms of φ = e to the status of an independent variable. The action is thus extended [12, 26, 27 ] to take account of this constraint :
where u is a Lagrange multiplier. 10 Extremisation of S O with respect to u , q and Q givesq = Q ,u = −q anḋ g ′ = Q − u , that is, the equation of motion (A2). It is then straightforward to obtain the Hamiltonian H O associated to L O . Indeed, the momenta are
L O is singular in that (A5) cannot be inverted to giveq . 11 The Hamiltonian H *
whereQ is known in terms of Π via g ′ (Q) = Π , see [18] . One checks that the Hamilton equations rather thanq , as an independent variable [6, 18] . The action is again extended to take account of the constraint :
where φ is a Lagrange multiplier. Extremisation of S S with respect to s , φ and q gives φ = g ′ (s) , s =q and −q =q −φ , that is, (A2).
The traditional route is, first, to plug the constraint φ = g ′ (s) into (A8). 12 Pursuing this path means replacing
A second step is to add to S JF the boundary term −(g ′ (s)q) t1 t2 and consider :
This operation transforms the action into an ordinary one, sinceq has disappeared, and, in doing so, turns s into a dynamical variable, sinceṡ now appears, albeit only linearly. (One can check that extremisation of S JF and S * JF yields back (A2).) 10 We could as well have extended
. It is easy to see that the respective Hamiltonians all lead to the same equation of motion (A2). 11 The same happens when treating in the same manner the minisuperspace version of f (R) gravity, see Appendix C. The same happens too in the full-fledged version of the theory, where only the traceless part of the velocities can be explicitly expressed in terms of the variables and their momenta, see Section IV. 12 When this is done in the context of f (R) gravity one gets the "Jordan frame" action, see e.g. Appendix C. 13 This is our toy model analogue of the Hawking-Luttrell boundary term [5] .
The conjugate momenta of q and s are :
Inversion of (A11) is possible only if g is non-linear. The Hamiltonian H *
One can check that the Hamilton equations give back (A2). Since H * JF is singular when g is linear we prefer to keep s and φ as independent variables in (A8).
Returning then to (A8) we first eliminate theq term by adding the boundary term −(qφ) t2 t1 and consider, instead of S S :
where now φ is a dynamical variable. 15 Extremisation of S J with respect to s , φ and q gives, as before, g ′ (s) = φ , s =q and −q =q −φ , that is, (A2). It is at this stage that we plug the constraint g ′ (s) = φ into (A13) and replace
where s is known via g ′ (s) = φ . The conjugate momenta of q and φ are
Contrarily to (A11) these momenta are invertible even if g is linear and the Hamiltonian reads
where s is known in terms of φ via g ′ (s) = φ . The limit g = s is obtained by "freezing the extra degree of freedom," that is, setting φ = 1 , either in the action (A14), or in (A15) which then gives p = −π so that the Hamiltonian (A16) reduces to :
We have thus associated three seemingly different Hamiltonians to the original action (A1) : the "Ostrogradsky"
Plugging these expressions into (A16) gives H *
and it is an exercise to check that the transformation is canonical : indeed, the Poisson brackets of the set {A, B} = {q, p, φ, π} with respect to the set {q, π q , s, π s } being defined as : [18] . Equations (A3) (A5) (A7) and (A11) suggest to choose
where s is known in terms of Π via g ′ (s) = Π . Plugging these expressions into (A12) gives H *
after renaming the parameter s as s =Q . Again it is an exercise to compute the Poisson brackets of the set {q, π q , s, π s } with respect to the set {q, P, Q, Π} and see that the transformation is canonical.
We have thus shown (in full details) the canonical equivalence of three different Hamiltonian formulations of our toy model, akin to those employed when treating f (R) gravity.
APPENDIX B: FROM THE JORDAN TO THE EINSTEIN FRAME : A SHORT RECAP
We recall here how the action for f (R) gravity is transformed into the Hilbert action for a conformally rescaled metric minimally coupled to a scalar field [2] .
Consider the action for f (R) gravity :
where Einstein's constant κ ≡ 8πG = 1 , where g is the determinant of the metric g ij with signature (−, +, +, +) , where R = 1 2 (g ik g jl − g ij g kl )∂ ij g kl + · · · is the scalar curvature, and where Ψ denotes some matter fields minimally coupled to the metric. Since (B1) contains second derivatives of g ij which do not sum up as a divergence (unless f = R) its extremisation with respect to metric variations yields fourth-order differential field equations :
where a prime denotes a derivative with respect to the argument, where G ij is Einstein's tensor and where
is the matter stress-energy tensor. Since the trace of (B2),
is an equation of motion for the scalar curvature R it is natural to promote it to the status of independent dynamical variable, the "scalaron": R = s [24] . In so doing one converts (B2-B3) into a set of two second-order differential equations. This scalaron can also be introduced right from the beginning by replacing the action (B1) by the Dirac action
where φ is a Lagrange multiplier. Now, the extremisation of S S with respect to s yields an algebraic constraint : φ = f ′ (s) , which can be harmlessly plugged back into S S [g ij , s, φ] yielding another action
Extremising (B5) with respect to s and g ij yields the equations of motion (B2) (if f ′′ (s) = 0). Note that the scalaron s is not yet manifestly dynamical as its derivatives ∂ i s do not appear in (B5). S J [g ij , s] is the "Jordan frame" action of f (R) gravity ; it falls into the broader category of scalar-tensor theories, see [28] .
Eliminating the function f ′ (s) in the term √ −gf ′ (s)R in (B5) by means of a conformal transformation will turn s into an obvious dynamical variable [2] . Moreover it will lift the restriction f ′′ = 0 , that is, it will render the Einstein limit well-defined.
Indeed, introduce the new metric
(which imposes that f ′ (s) be positive). The action (B5) becomes
As announced, derivatives of s now appear explicitly. As for the term
it is a divergence which can be dropped. Hence the final action is, after trading s for a new fieldφ :
where the potential V and the new scalaronφ are given in terms of s by :
] is the "Einstein frame" action, where Einstein's gravity is minimally coupled to the scalar fieldφ and non-minimally coupled to the matter fields Ψ . The field equations obtained by extremising (up to boundary terms)S E [g ij ,φ] with respect tog ij andφ reduce to :
and where, recall, T
δg ij . As they should, these equations are a rewriting of the Jordan frame equations of motion (B2) in terms ofg ij = f ′ g ij with f ′ = e √ 2 3φ . Note that the equivalence holds if f ′ > 0 ; note too that, as announced, the Einstein limit f ′ → 1 is well defined.
APPENDIX C: MINI-SUPERSPACE HAMILTONIAN FORMULATION OF f (R) GRAVITY : FROM THE OSTROGRADSKY TO THE EINSTEIN FRAME VARIABLES
We show here that the mini-superspace Hamiltonian formulation of f (R) gravityà la Ostrogradsky is (classically) equivalent to its formulation in the Einstein frame. For better comparison with [13] , which claims the contrary, our formulation closely follows its authors'.
We restrict our attention to the sub-class of LFRW metrics of the type ds 
As in [13] we introduce
as an independent "Ostrogradsky" variable, so that the Dirac Lagrangian is 
and where u is a Lagrange multiplier. One checks that the vacuum Euler-Lagrange equations reduce to
which is nothing but the (00) component of the field equations (B2 
As in the toy model of Appendix A these relations cannot be inverted to giveȧ . However the Hamiltonian H * O = Pȧ + ΠQ − L O is still well defined if we inject the constraint u = P in L O . Hence (cf. Eq. (3.18) of [13] ; see also [14] ) :
R is a known function of Π/a 3 , once the function f is given. H * O is a function of N , q i = {a, Q} and p i = {P, Π} . Hamilton's equations
give back the Friedmann equation (C4) and can be written as
where the Poisson bracket of two functions A and B of (N, a, P, Q, Π) , is defined as usual by 
In order now to transform the Ostrogradsky Hamiltonian (C6) to an Einstein frame one we change the Ostrogradsky variables {(a, P ), (Q, Π)} into new ones, {(ã,p), (φ,π)} , such that, see (B6) and (B10) :
(This is the transformation proposed in (2.19b) and (2.21) of [16] but not the one suggested in the last section of [13] .) In order to find the momentap andπ in terms of the Ostrogradsky variables, we impose the transformation to be canonical, that is, such that {π,φ} = 1 , {π, a} = 0 , {p, a} = 1 , {p,φ} = 0 , {ã,φ} = 0 , {π,p} = 0 ,
where the Poisson bracket is defined in (C9). The first series of Poisson brackets yield (a result at odds with Eq. (2.22) of [16] ) :
The second series of Poisson brackets is then satisfied. 16 where, clearly, the equation of motion ∂H ∂p =q was incorrectly used.
